
Original Paper

Joint geostatistical seismic inversion of elastic and petrophysical 
properties using stochastic co-simulation models based on 
parametric copulas

Daniel V �azquez-Ramírez a,* , Martín A. Díaz-Viera b , Raúl del Valle-García c

a Department of Earth Sciences, School of Engineering, National Autonomous University of Mexico, Circuito de Posgrado S/N, Ciudad Universitaria, 
Coyoacan, 04510, Mexico City, Mexico
b Mexican Petroleum Institute, Eje Central Lazaro Cardenas No. 152, San Bartolo Atepehuacan, Gustavo A . Madero, 07730, Mexico City, Mexico
c Independent consultant, Mexico City, Mexico

a r t i c l e i n f o

Article history:
Received 25 September 2024 
Received in revised form
16 September 2025
Accepted 28 October 2025 
Available online 13 November 2025

Edited by Meng-Jiao Zhou

Keywords:
Geostatistical seismic inversion 
Bayesian inference
Joint probability distribution function 
Parametric copula
Petrophysical simulation
Seismic property simulation

a b s t r a c t

Seismic properties play a fundamental role in the geological and petrophysical modeling of reservoirs 
due to their dependence on petrophysical properties. Most existing stochastic seismic inversion 
methods are based on Gaussian probability distribution functions and assume linear dependence. Ex-
amples include sequential Gaussian co-simulation (SGCS) and direct sequential simulation (DSS). In 
contrast, spatial stochastic co-simulation methods based on Bernstein copulas (BCCS) have recently 
been developed. These methods do not require a specific distribution type or linear dependence, thereby 
overcoming the limitations of traditional approaches.
In this context, we propose a novel approach for the joint seismic 
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properties act as a bridge between seismic and petrophysical 
models, making it essential to establish a methodology that links 
them through an inverse modeling approach. The process of 
transforming seismic traces to estimate elastic and petrophysical 
properties is commonly known as seismic inversion. This tech-
nique is based on the concept of the inverse problem, which in-
volves estimating model parameters from a set of observations. 
Typically, seismic inversion involves three main stages: (1) 
defining an objective function that quantifies the misfit between 
observed and simulated data, (2) optimizing this function, and (3) 
solving the resulting system of equations to obtain a quantitative 
model of subsurface properties. In this context, the forward model 
refers to the physical process that simulates seismic traces from 

elastic properties under specific assumptions, such as vertical 
incidence and horizontal layering. Traditional approaches to 
seismic inversion often rely on forward models formulated using 
convolutional or finite-difference approximations. The objective 
function evaluates how well these simulated traces match the 
observed seismic data and serves as the basis for guiding the 
inversion process through optimization. These are commonly 
optimized using criteria such as the L 1 norm or least squares, 
aiming to minimize the objective function and obtain the most 
probable solution. However, a major limitation of these ap-
proaches is their reliance on linearization, which can introduce 
uncertainty into the predictive model.
Seismic inversion in the petroleum industry has been an active 

area of research since the 1980s. Foundational studies by 
Oldenburg et al. (1983), Cooke and Schneider (1983), and 
Gelfand and Larner (1984) introduced linearized inversion tech-
niques that utilized seismic surveys and well-log data, often 
optimizing objective functions based on maximum likelihood or 
the L 1 norm. Since the 1990s, geostatistical seismic inversion 
(GSI) methods have progressively evolved, integrating petrophy-
sics, rock physics, and seismic data under Gaussian distribution 
assumptions, as demonstrated by the works of Bortoli et al. 
(1993), Haas and Dubrule (1994), Buland and Omre (2003), 
Dubrule et al. (2003), Doyen (2007), and Grana (2014). Unlike 
deterministic inversion approaches that yield a single best-fit 
model, GSI generates multiple equiprobable realizations that 
honor well-log information and spatial continuity through var-
iogram modeling using the Sequential Gaussian Simulation
method (Chil�es and Delfiner, 2012). This allows for the quantifi-
cation of subsurface uncertainty and provides a probabilistic 
framework for estimating elastic and petrophysical proper-
ties—making it highly suitable for reservoir characterization and 
risk analysis.
Several recent developments in geostatistical seismic inversion 

(GSI) have extended traditional Gaussian-based formulations to-
ward non-linear, data-driven, and hybrid frameworks to capture 
fine-scale heterogeneity and characterize porosity and perme-
ability distributions even at sub-seismic resolutions. For instance, 
Penna and Lupinacci (2024) applied a three-dimensional GSI 
workflow to model metric-scale flow units in Brazilian pre-salt 
carbonate reservoirs, emphasizing the value of
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The inverse problem is solved using the simulated annealing 
algorithm, which iteratively minimizes a global objective function. 
This objective function combines two terms: (1) the root-mean-
square (RMS) error between synthetic and observed seismic 
traces, and (2) the semivariogram error between the variogram of 
the simulated elastic property and a target variogram derived from 

upscaled well-log data. Together, these components ensure that 
the resulting model honors both the seismic response and the 
spatial continuity observed in the wells. During optimization, the 
posterior model—estimated through the Bayesian copula frame-
work—is used in the search function to generate realizations of the 
elastic property. For each candidate realization, a reflectivity series 
is computed and convolved with a seismic wavelet to produce a 
synthetic seismic trace. The misfit between this trace and the 
observed seismic data is evaluated using the objective function. 
The best-fitting elastic realization is then used as a conditioning 
variable to simulate the corresponding petrophysical property 
using the same joint probability distribution.
To demonstrate the theoretical framework and advantages of 

the proposed method, this paper is organized into eight sections. 
Section 1 presents the introduction, offering a concise overview of 
seismic inversion. Section 2 outlines the theoretical basis of the 
copula-based joint seismic inversion approach. Section 3 describes 
the application workflow, offering a detailed, step-by-step imple-
mentation guide. Section 4 presents the case study, including 
geological context, statistical analysis of well logs, dependence 
modeling, and variogram estimation. Section 5 provides a valida-
tion of the method using the seismic trace closest to the well. 
Section 6 details the inversion process using the nearest seismic 
inline, applying the parameters defined earlier. Section 7 discusses 
the results, and Section 8 presents the conclusions.

2. Parametric copula-based joint geostatistical seismic 
inversion method

GSI is a well-established approach for solving the inverse 
problem using a trace-by-trace scheme, as proposed by Bortoli 
et al. (1993) and Haas and Dubrule (1994). This type of inversion 
employs stochastic simulation to generate multiple realizations of 
an elastic property. These realizations are convolved with a 
wavelet to produce synthetic seismic traces, which are then 
compared to real seismic traces using an optimization method. 
The process iterates until a stopping criterion is satisfied, either 
based on the objective function or the maximum number of 
iterations.
The Copula-Based Joint Geostatistical Seismic Inversion 

Method integrates copula-based spatial stochastic co-simulation 
method to jointly simulate elastic and petrophysical properties. 
This method has been presented in several works by Diaz-Viera
and Casar-Gonz� alez (2005), Diaz-Viera et al. (2006), Erdely and
Díaz-Viera (2010), Hern� andez-Maldonado et al. (2012),
Hern� andez-Maldonado et al. (2014), Erdely and Díaz-Viera
(2015), Diaz-Viera et al. (2017), V� azquez-Ramírez (2018), Le et al.
(2020) and Le (2021). Its main advantage lies in offering a 
nonparametric simulation approach through Bernstein Copula Co-
simulation (BCCS), which eliminates the need to assume a specific 
marginal distribution or specific dependence structure. This 
method provides a robust alternative for simulating one property 
(e.g., elastic or petrophysical) conditioned on another, under a 
flexible dependence model. The resulting realizations are statis-
tically consistent and preserve spatial distribution characteristics.
Several studies, such as those by B� ardossy and Li (2008) and Gnann
et al. (2018), have applied Gaussian copulas, which belong to the 
class of parametric copula models
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to the generation of synthetic traces and petrophysical property 
simulation.

3. Joint geostatistical seismic inversion based on copulas 
workflow

The joint geostatistical seismic inversion method based on 
copulas is developed through the execution of seven steps, as 
illustrated in Fig. 1. The following subsections provide a detailed

explanation of each step and the requirements for their 
implementation.

3.1. Exploratory data analysis

This step involves univariate and bivariate analysis of well logs 
and their upscaled versions. The univariate analysis includes the 
computation of descriptive statistics (e.g., minimum and 
maximum values), as well as the generation of histograms and 
boxplots to assess the impact of upscaling. The bivariate analysis

Fig. 1. Proposed workflow using co-simulation models based on parametric copulas for joint seismic inversion of elastic and petrophysical properties.
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entails evaluating dependence measures and visualizing scatter-
plots before and after upscaling, to detect potential changes in 
relationships between variables.

3.2. Variographic analysis

This step consists of estimating and modeling the spatial cor-
relation function (variogram) (Díaz-Viera, 2002) from the upscaled 
samples. The variogram model should be fitted to samples in the 
time domain, which facilitates the integration of seismic-scale 
realizations. Preprocessing is required to eliminate trends, and 
cross-validation should be employed to validate the chosen var-
iogram model.

3.3. Estimation of the joint distribution model via Bayesian 
inference

The estimation of a joint probability distribution model be-
tween petrophysical and elastic properties is a key preparatory 
step in the proposed inversion framework. This step, corre-
sponding to Step 1 in Fig. 1, defines the statistical dependence 
structure required to perform stochastic simulations. The model is 
constructed using a parametric copula function, which allows 
flexible modeling of nonlinear and asymmetric dependencies, and 
is calibrated using well-log data.
A Bayesian inference framework is used to estimate the pa-

rameters of both the marginal distributions and the copula model. 
The resulting posterior joint distribution model forms the basis for 
subsequent steps in the inversion workflow, including the simu-
lation of elastic properties (Step 2) and the conditional simulation 
of petrophysical properties (Step 3). This modular structure en-
sures that the dependence model remains consistent throughout 
the inversion process and improves the robustness of the final 
estimates.

3.3.1. Prior information
Each marginal variable, X 1 and X 2 , representing the elastic and 

petrophysical properties respectively, is independently fitted to 
several candidate parametric distributions. The marginal proba-
bility density functions f 1(x 1 ; α 1 ) and f 2 (x 2 ; α 2 ), where x i is the
random variable and α is the parameter vector of the corre-
sponding distribution, are selected based on maximum log-
likelihood, as well as model selection criteria such as the Akaike 
Information Criterion (AIC; Hofert et al., 2019) and the Bayesian 
Information Criterion (BIC; Claeskens and Hjort, 2008). These 
criteria are briefly explained in Appendix D. Visual diagnostics 
such as histograms and cumulative distribution functions support 
the final selection.
Once the marginals are defined, a parametric bivariate copula 

with parameter θ is used to model the dependence between X 1 and 
X 2 . The resulting joint prior distribution over the parameters is:

π(θ; α 1 ; α 2 ) = π(θ)⋅π(α 1 )⋅π(α 2 ); (1)

where π(α 1 ), π(α 2 ), and π(θ) are the prior distributions of the 
respective parameters.

3.3.2. Posterior model and likelihood function
The likelihood function is defined as the product of the copula 

density and the marginal densities evaluated at each observed pair

(x (j) 
1 ; x(j)

2 ), for j = 1, …, n. The univariate margins are computed as

u = F 1 (x(j)
1 ; α 1 ) and v = F 2 (x(j)

2 ; α 2 ), where F 1 and F 2 are the marginal
cumulative distribution functions of the elastic and petrophysical 
properties, respectively.

To simplify computation and improve numerical stability, the 
log-likelihood form is used. The resulting log-posterior is:

log(π(θ; α 1 ; α 2 |x 1 ; x 2 ))∝log(π(θ)) + log(π(α 1 )) + log(π(α 2 ))

+ 
∑ n

j=1
log(c(u; v; θ) ) + 

∑n

j=1
log f 1 

(
x (j) 
1 ; α 1 

) 
+ 
∑ n

j=1

log f 2 
(

x (j) 
2 ; α 2 

) 
;

(2)

where c(u, v; θ) is the bivariate copula density function, and f 1 , f 2 
are the marginal probability density functions. A full explanation 
of this modeling framework and the general form of the likelihood 
function is provided in Appendix B.
The parameter vector (θ, α 1 , α 2 ) is estimated using the Random 

Walk Metropolis-Hastings algorithm. After the initial estimation 
based on upscaled data, a second Bayesian update is performed 
using subsampled data as prior information. This two-stage 
inference acts as a quality control step, ensuring that the final 
model honors both well-scale statistics and seismic resolution 
constraints.
The resulting bivariate distribution function is used to generate 

synthetic samples during the inversion process. It is important to 
distinguish that the posterior model describes the probabilistic 
structure of the input variables, while the inversion algorithm uses 
an objective function that evaluates how well synthetic seismic 
traces match the observed data.
This model serves as the basis for generating elastic property 

realizations using the PCCS method. These realizations are evalu-
ated using a hybrid objective function that balances spatial 
structure via variogram error and amplitude fidelity via RMS error. 
While the posterior model is estimated using Bayesian inference, 
the inversion itself is driven by a simulated annealing algorithm 

that minimizes this geostatistical–seismic misfit. This decoupling 
ensures that the statistical relationships learned from the input 
data�
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• Propose an initial image.
• Randomly select a position in the image.
• Generate a candidate elastic value from the posterior joint 
distribution model estimated in Section 3.3.

• Accept the sample if its value lies within the observed range; 
otherwise, resample.

• Insert the new value into the selected position to generate a 
perturbed image, which is evaluated using Eq. (3).

This process is repeated until a maximum number of iterations 
is reached or the objective function reaches its minimum value.

3.5. Estimation of the synthetic trace using the convolutional 
model

The convolutional model is used to compute the synthetic 
seismic trace from the perturbed elastic property. First, the 
reflectivity series is computed by evaluating the P-wave reflection 
coefficient at normal incidence, r t , as a function of the acoustic 
impedance contrast between two adjacent layers. The reflectivity 
series is calculated using Eq. (4):

r t = 
(ρ 2 ) 

( 
V p2 

) 
− (ρ 1 ) 

( 
V p1 

)

(ρ 2 ) 
( 

V p2 
) 
+ (ρ 1 ) 

( 
V p1 

) = 
AI 2 − AI 1
AI 2 + AI 1

(4) 

where ρ 1 and V p1 are the density and P-wave velocity of the upper 
layer, and ρ 2 and V p2 are those of the lower layer; the acoustic 
impedances are defined as AI 1 = ρ 1 ⋅ V p1 and AI 2 = ρ 2 ⋅ V p1 .
Then, the synthetic trace is obtained by convolving the reflec-

tivity series r t (Eq. (4)) with a wavelet f t , which is estimated from 

the dominant frequency of the seismic image:

S st = f t *r t (5)

3.6. Estimation of the difference between the synthetic and real 
seismic traces using RMS error

The second objective function is the RMS error between the real 
and synthetic traces. If the RMS error is smaller than in the pre-
vious 
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4.3. Variographic analysis of petrophysical and seismic properties

Variogram models were estimated for the subsampled acoustic 
impedance and total porosity. Three models were tested: exponential,

Gaussian, and spherical. The best-fit model for acoustic impedance 
was spherical, with a sill of 375,000, a range of 62 ms, and a nugget of 
500 (Fig. 6(a)). For total porosity, the spherical model was also selected, 
with a sill of 0.0004, a range of 50 ms, and a nugget of zero (Fig. 6(b)).

Fig. 2. Acoustic impedance (left) and total porosity ϕ t (right) in depth and time domains.
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Fig. 3. Left: Ricker wavelet with a frequency of 20.16 Hz. Right: Amplitude spectrum calculated from the nearest inline seismic section.
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5. Method validation: geostatistical seismic inversion based 
on copulas

5.1. Bayesian estimation of the dependence model

This section applies the Bayesian inference framework 
described in Section 3.3 to estimate the joint distribution model 
that characterizes the dependence between acoustic impedance 
and total porosity. The posterior parameters used in this section 
are obtained through the two-stage updating process, where 
well-log-based priors are first refined using upscaled logs and 
then validated with subsampled data. These posterior estimates

form the core of the forward model used in the seismic 
inversion.
The results of the parametric analysis are presented in the work

by V� azquez-Ramírez et al. (2023). That study demonstrated that
the functions most compatible with geophysical well logs are, in 
order of suitability: the lognormal distribution is optimal for 
acoustic impedance, the Weibull distribution is optimal for total 
porosity, and the Frank copula model is optimal for the depen-
dence structure. Thus, the prior model consists of five parameters: 
the lognormal parameters (log μ, log σ) and its normalized 



and the Frank copula dependence parameter (θ). The prior func-
tion is expressed as:

ℙ(m) = π(log μ; log σ; α; λ; θ) (6)

The likelihood function is given by:

ℙ(d|m) = c α (u; v)⋅f 1 (x 1 ; log μ; log σ)⋅f 2



Table 3
Prior and posterior parameter values. First priors were estimated using well-scale samples; second priors are posteriors from upscaled logs. Final posterior values were 
estimated using subsampled logs.

Parameter 1st prior (well logs) Variance, % 2nd prior (upscaled logs) Variance, % Posterior (subsampled logs)

Lognormal (μ) 8.837 1.800 8.804 1.700 8.790
Lognormal (σ) 0.150 1.800 0.151 1.700 0.151
Weibull (α) 9.373 1.800 9.400 1.700 9.330
Weibull (λ) 0.234 1.800 0.235 1.700 0.237
Frank copula (θ) − 6.265 – − 12.600 2.300 − 21.000

Fig. 7. (a) Posterior distribution of AI using upscaled logs, (b) posterior distribution of ϕ t using upscaled logs, (c) posterior distribution of AI using subsampled logs, (d) posterior 
distribution of ϕ t using subsampled logs, (e) prior dependence model, (f) posterior dependence model using upscaled logs, and (g) posterior dependence model using subsampled 
logs. The blue contour lines in panels (e), (f) and (g) represent iso-density levels of the fitted copula density function, illustrating the dependence structure between the pseudo-
observations.
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acceptable given its proximity to the empirical distribution of the 
upscaled logs. Although the posterior θ value increased to − 12.6, 
this aligns with the increased dependence observed in Tables 2 and 
is also visible in Fig. 7(e) and (f), which show how the model cap-
tures the distribution of pseudo-observations.
In a second iteration, the posterior parameter values from the 

first search were used as priors, and the new information was the 
subsampled logs. This time, all five parameters were included, and 
the acceptance rate was 21.5%. As seen in Table 3, sixth column, 
most parameters changed only slightly—except for the depen-
dence parameter θ, which shifted from − 12.6 to − 21. While this is a 
substantial change, it reflects the increase in dependence docu-
mented in Table 2. It is worth noting that the Frank copula 
parameter can range between − 100 and 100 (Joe, 2014).

5.2. Seismic inversion using the nearest borehole trace

The objective of geostatistical seismic inversion is to solve the 
inverse problem by simulating elastic properties that reproduce the 
observed seismic trace under a given forward model. In this study, 
the convolutional model is used, requiring two components: a 
wavelet and a reflectivity series. The wavelet is the 20.16 Hz Ricker 
wavelet, and the reflectivity series is computed from acoustic 
impedance as described in Section 4.1. Multiple realizations of 
acoustic impedance are generated to minimize the squared error 
between synthetic and observed seismic traces. The seismic trace 
closest to the well, located at 18.5 m, is used for validation. 
Simulated annealing is used to generate realizations of acoustic 

impedance and total porosity. The initial image is the subsampled 
log data, 
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compacted or lithologically distinct interval, possibly indicative of 
a tighter sandstone or reduced reservoir quality. This interpreta-
tion is supported by well-log data and aligns with the seismic 
response observed in the original inline section.
Given the strong match between the synthetic and observed 

seismic traces, and the agreement with log-based petrophysical 
trends, we interpret this anomaly as a genuine geological feature 
rather than an artifact or noise. As such, its presence enhances 
rather than detracts from the reliability of the inversion results by 
confirming the method's ability to resolve laterally continuous, 
high-contrast features consistent with ground truth.

7. Discussion

As shown in Section 5.1, the Bayesian approach yielded a pos-
terior dependence model that is consistent with the well-log in-
formation. While the marginal distributions remained relatively 
stable despite upscaling and subsampling, the dependence 
parameter θ experienced a significant change—from − 6.265 
to − 21. Interestingly, the Spearman dependence measure did not 
exhibit a corresponding large change, highlighting the sensitivity 
of the copula parameter to the joint structure.
When comparing the cumulative distribution function (CDF) 

generated using the posterior parameter values against total 
porosity ϕ t , Fig. 7(c) shows good agreement with the scaled 
porosity values, particularly in the range of 0.17–0.23. At higher 
porosity values, however, some deviation is observed. For acoustic 
impedance (Ip), Fig. 7(a) reveals that the posterior cumulative 
distribution closely follows the scaled CDF, with only minor dis-
crepancies between 5950 and 6200 (m/s)⋅(g/cm 3 ). The posterior

fits shown in Fig. 7(c) and (d) represent improvements over the 
scaled distributions.
The acoustic impedance results obtained via the simulated 

annealing method also demonstrate high consistency with the 
subsampled logs. As shown in Table 4, most statistical descriptors 
are comparable between the simulated and subsampled acoustic 
impedance, with the main exception being variance. Similarly, the 
total porosity simulation yields statistics that closely match those 
of the
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A key limitation of the current implementation is the absence 
of lateral variogram modeling. The inversion was carried out using 
a trace-by-trace scheme with vertical variograms estimated in the 
time domain, restricting spatial continuity to the vertical direction. 
Although the inverted sections display structural coherence that 
aligns with the well data and reflectivity patterns, the lack of 
lateral spatial constraints may limit the model's ability to capture 
horizontally extensive geological features. Future efforts will focus 
on integrating three-dimensional spatial models by including 
lateral variograms derived from seismic attributes or well-log 
correlations, thereby improving the realism and consistency of 
the simulated volumes.
While the proposed method demonstrates stable and consis-

tent results using parametric copulas, it is important to

acknowledge the trade-offs associated with this choice. Parametric 
copulas, such as the Frank copula used here, are less flexible than 
non-parametric alternatives like Bernstein copulas. Their analyt-
ical structure imposes assumptions that may limit accuracy in 
datasets with tail asymmetry or multimodal joint behavior. 
Nonetheless, parametric copulas offer computational efficiency, 
interpretability, and ease of integration into a Bayesian framework, 
making them suitable for moderately complex dependencies like 
the negatively correlated acoustic impedance and porosity in this 
study. Users are advised to evaluate the dependence structure in 
their data before selecting a copula model. Future work may 
explore hybrid approaches that combine the efficiency of para-
metric forms with the flexibility of non-parametric models to 
handle more complex geological scenarios.

Fig. 9. (a) Seismic image. (b) Synthetic traces estimated using the simulated annealing method. (c) Standard deviation of the synthetic traces. (d) Acoustic impedance derived 
from the synthetic traces. (e) Total porosity predicted using simulated annealing. A1 is the upscaled well log; B1 is the original geophysical well log.
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Scalability to large-scale datasets is another consideration. 
Although parametric copulas reduce the computational cost, the 
current inversion framework is constrained by the trace-by-trace 
simulation scheme and reliance on MCMC for Bayesian estima-
tion. As such, the method is best suited for 2D lines or small-to-
moderate 3D volumes. To improve scalability, future de-
velopments will explore parallelized simulations across traces, as 
well as more efficient inference techniques (e.g., variational Bayes, 
Hamiltonian Monte Carlo). Global optimization strategies may also 
reduce dependence on repeated forward modeling, enabling the 
method's application to high-resolution 3D seismic datasets. 
Another limitation of this 



the dominant frequency and bandwidth of the seismic signal, and 
align well with observed reflectivity patterns.
While the method currently employs vertical variograms and a 

trace-by-trace inversion scheme, it produced coherent spatial 
distributions in both acoustic impedance and porosity. Future 
research will incorporate lateral variogram modeling to enhance 
horizontal continuity and structural realism.
The use of parametric copulas, particularly the Frank copula, 

provides a balance between modeling capacity and computational 
efficiency. Although less flexible than non-parametric alternatives, 
parametric copulas are well-suited for moderate complexity 
datasets, such as the negatively correlated acoustic impedance and 
porosity observed in this case study.
This framework is most applicable to 2D seismic lines or small-

to-moderate 3D volumes. Future extensions will focus on 
improving scalability through parallelized inversion routines and 
more efficient Bayesian inference techniques. Additionally, incor-
porating data from multiple wells and extending the framework to 
simulate multiple elastic and petrophysical properties such as 
those required in amplitude versus offset (AVO) inversion are 
promising directions for continued development.
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bons Commission.

Appendix A. Parametric Archimedean copula models

Appendix A.1. Copula definition
As defined by (Nelsen, 2006), a copula is “a function that joins or 

couples multivariate distribution functions to their one-dimensional 
marginal distribution functions”. If you want to use copulas in the 
field of statistics, you should use Sklar's theorem. Sklar's theorem 

is defined as: Let H be a joint distribution function with margins F
and G. Then there exists a copula C such that for all (x, y) in R.

H(x; y) = C(F(x); 

†Q

 

∀If 

Ahu

蠀 

https://github.com/esmg%2Dmx/Copula%2DBase%2Dmodelling


strong in the central part, as can be seen in the density function of 
Fig. A.1. Therefore, it is recommended to use this type of copula 
when the dependence model has tails with low dependence 
(Trivedi and Zimmer, 2007).
Frank copula is defined as (Shemyakin and Kniazev, 2017)

C α (u; v) = −
1 
α
ln 
( 

1 + 
(e − αu − 1)(e − αv − 1)

(e − α − 1)

) 

; α ∕= 0 (A.7)

Its generator is

φ(t) = − ln
e − αt − 1
e − α − 1

(A.8)

Its pseudo-inverse is

φ [− 1] (s) = − 
1 
α 
ln[1 + e − s (e − α − 1) ] (A.9)

The copula density function is

c α (u; v) = 
α(1 − e − α)e − α(u+v)

(e − α − 1 + (e − αu − 1)(e − αv − 1) ) 2 
(A.10)

Appendix B. Bayesian estimation of the joint distribution 
model

Bayesian inference provides a flexible framework for esti-
mating the parameters of a joint distribution model based on 
copulas. This approach enables the integration of prior knowledge 
with observed data and supports the modeling of complex 
multivariate dependence structures. The framework is applicable

to a wide range of problems where flexible joint distribution 
modeling is required, particularly in the presence of nonlinear or 
non-Gaussian dependence.

Appendix B.1. Prior information
In the Bayesian setting, prior distributions are assigned to the

parameters of the marginal distributions and the copula. For each
marginal variable X i , the parameter α i governs the shape of the 
univariate probability density function f i(x i; α i). The dependence
structure between variables is modeled using a copula density
function c(u 1 , …, u d; θ), where θ is the copula parameter and 
u i = F i (x i ; α i ) are the transformed uniform margins.
The prior distributions π(α i ) and π(θ) are typically selected 

empirically by fitting candidate parametric models to available 
data and evaluating them using statistical criteria such as the 
log-likelihood, Akaike Information Criterion (AIC; Hofert et al., 
2019), and Bayesian Information Criterion (BIC; Claeskens and 
Hjort, 2008). Visual inspection using histograms and cumula-
tive distribution functions may also be used to support model 
selection.
The joint prior distribution is defined as:

π(θ; α 1 ; …; α d ) = π(θ) 
∏ d

i=1

π(α i ); (B.1)

where d is the number of variables.
Appendix B.2. Likelihood function
According to Bayes’ theorem, given a sample of n observations

x (j) = (x(j)
1 ; …; x(j)

d ), and assuming parametric marginal distribu-
tions f i (x i ; α i ) and a copula density function c(u 1 , …, u d ; θ), the 
likelihood function is given by (Hofert et al., 2019):

Frank copula density, θ = 3(a) (b)

u

v

Fig. A.1. Projection on the u-v plane of: (a) the density function and (b) the probability function of a bivariate Frank copula (red regions indicate a higher degree of dependence).
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L(x|θ;α 1 ;…;α d ) = 
∏n

j=1

c 
( 

F 1 (x(j)
1 ;α 1 );…;F d (x(j)

d ;α d );θ 
) 

⋅ 
∏ d

i=1

f i (x(j)
i ;α i );

(B.2)

where u (j)
i = F i (x(j)

i ; α i ) are the univariate margins.
To improve numerical stability and computational efficiency, 

particularly in algorithms such as Metropolis-Hastings, the log-
likelihood corresponding to Eq. (B.2) is used:

log L = 
∑ n

j=1

log 
( 

c 
( 

F 1 (x(j)
1 ; α 1 ); …; F d (x(j)

d ; α d ); θ 
) ) 

+ 
∑ d

i=1

× 
∑ n

j=1

log f i (x(j)
i ; α i ): (B.3)

Appendix B.3. Posterior model.
The posterior distribution is derived by combining the prior 

distribution (Eq. (B.1)) with the likelihood function (Eq. (B.2)). For a 
sample of n observations x, the joint log-posterior is:

log(π(θ; α 1 ; …; α d |x))∝log(π(θ)) + 
∑ d

i=1

log(π(α i ))

+ 
∑n

j=1
log 

( 
c 
( 

F 1 
(

x (j) 
1 ; α 1 

) 
; …; F d 

(
x (j) 

d ; α d 
) 

; θ 
) )

+ 
∑ d

i=1 

∑ n

j=1
log f i 

(
x (j) 

i ; α i 
) 
;

(B.4)

where f i (x i ; α i ) are the marginal density functions and c(⋅) is the

copula density function. The terms x (j)
i denote the observed values

of variable X i in sample j, and F i (x i ; α i ) are the corresponding 
marginal cumulative distribution functions.
The posterior distribution captures the joint uncertainty in 

both the marginal parameters and the dependence structure. The 
estimation of these parameters is carried out using the Random 

Walk Metropolis-Hastings algorithm, as described in Section 5.1.

Appendix C. Backus averaging method

The Backus averaging method (Backus, 1962) is used to model 
the long-wavelength behavior of seismic waves propagating 
through a stack of thin, isotropic, horizontally layered media. Each 
layer is assumed to be isotropic and transversely homogeneous, 
and the averaging produces an equivalent transversely isotropic 
(TI) medium that captures the effective elastic behavior in the 
vertical direction.
Following Liner (2014), the method begins with well-log 

measurements of V P , V S , and density ρ, typically sampled at 
fine vertical resolution. These values define isotropic elastic
layers via Hooke's law, where Lam�e parameters λ and μ are
computed as:

μ = ρV 2S ;

λ = ρ 
( 

V2P − 2V2S
) 
;

λ + 2μ = ρV 2P :

(C.1)

From these, the stiffness coefficients (a, c, f, l, m) are determined 
for each layer. The Backus average then produces effective elastic 
coefficients (A, C, F, L, M) over a vertical window L B :

A = 4〈
μ(λ + μ)
λ + 2μ

〉 + 〈
1

λ + 2μ 
〉
− 1

〈 
λ

λ + 2μ 
〉
2
;

C = 〈
1

λ + 2μ 
〉
− 1
;

F = 〈
1

λ + 2μ 
〉
− 1

〈 
1

λ + 2μ 
〉;

L = 〈 
1 
μ 
〉
− 1
;

M = 〈μ〉:

(C.2)

The resulting effective stiffness parameters allow the con-
struction of a vertically transversely isotropic (VTI) model and 
can be used to derive anisotropy parameters (ϵ, δ, γ) and vertical 
velocities V P0 and V S0 . This process enables consistent upscaling 
of well-log elastic properties to the seismic resolution.

Appendix D. Model selection in copula models using 
information criteria

Selecting an appropriate copula model is a critical step in 
multivariate dependence modeling. The goal is to choose a 
model that either best fits the overall data structure or best 
estimates a parameter of specific interest. Classical model se-
lection criteria such as the Akaike Information Criterion (AIC) 
and the Bayesian Information Criterion (BIC) are widely used for 
this purpose. These criteria are rooted in likelihood-based the-
ory and offer a compromise between model fit and complexity. 
In the context of copula models, especially those estimated via 
pseudo-likelihood or two-stage maximum likelihood, the 
applicability and performance of these criteria must be carefully 
assessed.

Appendix D.1. Akaike information criterion (AIC).
The AIC is an estimator of the expected Kullback-Leibler dis-

tance between the true model and a candidate model (Claeskens 
and Hjort, 2008). In the context of copula models, when using a 
fully parametric formulation, the AIC can be expressed as:

AIC = 2(ℓ n;max − p); (D.1)

where ℓ n, max is the maximized likelihood function and p is the 
number of parameters in the model, including both marginal and 
copula parameters (Hofert et al., 2019).
This formulation remains valid for the pseudo-likelihood under 

the assumption that the full model, including the margins and 
copula, is parametric (Ko et al., 2019). In this case, the AIC can be 
reliably used for selecting among copula models.

Appendix D.2. Bayesian information criterion (BIC).
The BIC is derived from a Bayesian perspective and incorporates 

a stronger penalty for model complexity compared to AIC. It is 
defined as:

BIC = 2ℓ( ̂ θ) − klog(n); (D.2)

where n is the sample size and k is the total number of parameters 
of both marginal and copula parameters (Claeskens and Hjort, 
2008).
While BIC assumes that the true model is among the candidate 

models, it can be used for model selection in copula-based settings 
under similar assumptions as AIC. BIC may be particularly sensitive 
to the number of parameters in high-dimensional copula models, 
which can result in a preference for simpler structures.
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