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Abstract
A review of the pressure transient analysis of flow in reservoirs having natural fractures, vugs and/or caves is presented to 
provide an insight into how much knowledge has been acquired about this phenomenon and to highlight the gaps still open 
for further research. A comparison-based approach is adopted which involved the review of works by several authors and 
identifying the limiting assumptions, model restrictions and applicability. Pressure transient analysis provides information 
to aid the identification of important features of reservoirs. It also provides an explanation to complex reservoir pressure-
dependent variations which have led to improved understanding and optimization of the reservoir dynamics. Pressure transient 
analysis techniques, however, have limitations as not all its models find application in naturally fractured and vuggy reservoirs 
as the flow dynamics differ considerably. Pollard’s model presented in 1953 provided the foundation for existing pressure 
transient analysis in these types of reservoirs, and since then, several authors have modified this basic model and come up 
with more accurate models to characterize the dynamic pressure behavior in reservoirs with natural fractures, vugs and/or 
caves, with most having inherent limitations. This paper summarizes what has been done, what knowledge is considered 
established and the gaps left to be researched on.
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List of symbols
B	� Fracture depth
C	� Gas concentration (m3/mol)
c	� Compressibility
cl	� Liquid of compressibility
CDf

	� Dimensionless fracture conductivity
cm	� Matrix compressibility coefficient
cp	� Shale compressibility (MPa−1)

Df	� Fractal wall roughness dimension (dimensionless)
DK	� Knudsen diffusion coefficient (m2/s)
gc	� Conversion factor
h	� Reservoir thickness
JK	� Knudsen diffusion flux [mol/(m2 s)]
Jv	� Viscous flow flux [mol/(m2 s)]
K2	� Fracture permeability
K∞	� Viscous flow permeability (m2)
Kapp	� Apparent permeability
KK	� Knudsen diffusion apparent permeability
Kv	� Apparent viscous flow permeability
L	� Transport distance
M	� Gas molar mass (kg/mol)
P	� Pressure (Pa)
P0	� Initial pressure
PD	� Dimensionless pressure
Pf	� Fracture pressure
PL	� Langmuir pressure (MPa)
Pm	� Matrix pressure
q	� Flow rate per unit length
qwell	� Well flow rate
R	� Universal gas constant [J/(mol K)]
R	� Pore radius (m)
r	� Reservoir radius
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rw	� Wellbore radius
SDf

	� Dimensionless fracture storage
Sm	� Mechanical skin
Ssf	� Dimensionless fracture skin
T	� Temperature (K)
t	� Time
tD	� Dimensionless time
VL	� Langmuir volume (m3/t)
Vstd	� Mole volume of gas at standard constant (m3/mol)
wf	� Fracture width
XD	� Dimensionless fracture length
Xf	� Fracture half-length
dp

dL
	� Pressure gradient

Greek
α	� Rarefaction coefficient
α	� Fissured medium characteristics
β	� Fracture volume
δ	� Fracture thickness
λ	� Gas molecule mean free path (m)
λ	� Warren and Root reservoir heterogeneity level
μ	� Absolute viscosity
�eff	� Viscosity with rarefaction effect
τ	� Tortuosity, dimensionless
�s	� Shale density (t/m3)
ϕ	� Porosity (dimensionless)
Φ	� Flow potential
ω	� Warren and Root fluid flow capacity
ω	� Storativity ratio

1  Introduction

To successfully carry out flooding or enhanced oil recovery 
process, a good understanding of the reservoir fluid system 
and petrophysical characteristics of the rocks is desired. 
Most reservoir formations have a high degree of hetero-
geneity, and this usually results in reduced reliability of 
the reservoir information obtained from pressure transient 
analysis. Aside from the issues arising from the variation 
in petrophysical properties, for a long time, scientists have 
attempted to characterize these properties using the variation 
of pressure with time. This is based on the general belief that 
these properties are a function of time-dependent variables 
such as pressure. In highly heterogeneous formations such 
as naturally fractured and karst reservoirs, earlier methods 
of pressure transient analysis are expected to give unsatis-
factory results because of the assumption of uniformity and 
homogeneity of reservoir pore structure.

Fractured reservoirs are known to be heterogeneous, with 
openings (fractures and fissures) of varying sizes which 
leads to the creation of vugs and interconnected channels 
within a reservoir. Fluid storage is mostly in the porous 

block of the reservoir which is characterized by low per-
meability, whereas the fracture has high permeability and 
low storage capacity. These systems have undergone exten-
sive studies, and this work presents a critical review of such 
works to provide insights into what knowledge has been 
gained thus far and what limitations are inherent in the exist-
ing models and how best to improve them. Pollard was one 
of the first persons to publish a study in 1953 on pressure 
transient analysis, and in 1959, the first pressure transient 
analysis (PTA) models were made available for well test 
interpretation from a two-porosity system (Pollard 1959). 
Since then, the behavior of fractured reservoirs along with 
pressure transient analysis in such mediums has become a 
highly researched area in the field of reservoir engineering. 
Thus, this work will state all the models presented thus far 
and analyze their scope of coverage in predicting pressure 
changes in fractured mediums. The work is divided into sev-
eral subheadings to enable clear comparison and analysis of 
the various sections considered.

2 � Naturally fractured reservoirs

Fractures have different definitions depending on the point 
of view. However, from a geomechanics point of view, a 
fracture is said to be a surface phenomenon that could be 
vertical or horizontal and is caused by the loss of cohesion 
in the texture of a rock. Fracturing involves the formation 
of joints and fissures when rocks break up. Fractures are 
caused by stresses and are termed natural or induced depend-
ing on whether it was created purposely. Naturally fractured 
formations are those characterized by secondary porosities 
in addition to primary porosity (Gong and Rossen 2017; 
Odeh 1965, 1959). The induced porosity (secondary poros-
ity) results from stresses or tensional forces that cause brittle 
formations to crack. Figure 1 shows a three-layered reservoir 
with layers labeled a, b and c. The layer with the weakest 
bonds (cohesion) would be the first to be fractured. Thus, 
in Fig. 1, layer b has weak cohesion and it is thus fractured 
while layers a and c can withstand further stress.

a

b

c

Fig. 1   Three-layered reservoir (van Golf-Racht 1982)
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Naturally fractured reservoirs have been identified as 
some of the highly productive oil and gas reservoirs. Many 
fields containing naturally fractured reservoirs saw sig-
nificant hydrocarbon production mainly during their pri-
mary recovery phases. Examples of such fields include 
the Asmari Formation in Iran (Alsharhan and Nairn 1997; 
Levorsen and Berry 1967), Ekofisk Maastrichtian chalk 
in the North Sea (Fritsen and Corrigan 1990; Owen and 
Thomas 2002), Gianitic Basement Formation (Areshev 
et  al. 1992; Tandom et  al. 1999), Permian Formation 
(Wilkinson and Hammond 1990) and Monterey Forma-
tion (Luthi 2001). In the majority of the studies involving 
these fields, the fracture networks were observed to have 
formed as a result of shearing and tensile forces acting on 
the rocks due to tectonic actions (Luthi 2001).

The origin of fractures has long been a topic of debate 
among researchers and professionals especially concerning 
its intensity and reservoir trapping significance (van Golf-
Racht 1982). Friedman et al. (Friedman et al. 1976) clas-
sified fractures into two classes: those related to regional 
fractures and those related to folding. However, Hodgson 
(1961) had earlier postulated that there exists no genetic 
relationship between fold and fractures and asserted that 
joints are formed as a result of fatigue in the early diagen-
esis stage. Price (1966), on the other hand, asserted that 
even though joint could have been formed in the early 
stage of the diagenesis process as claimed by Hodgson 
(1961), it is impossible for it to have survived post-depo-
sitional compaction. Cook and Johnson (1970) concluded 
that joints could survive late diagenetic activities such as 
compaction, consolidation and burial. However, based 
on the analysis of fracture density and layer thickness by 
Harris et al. (1960), the authors affirmed the relationship 
between the two and it is safe to say, the origins of frac-
tures could be structural and nonstructural related.

Due to the varying geological and structural configura-
tion of various naturally fractured reservoirs, researchers 
have made several attempts at classifying them into differ-
ent types with similar characteristics. Notably, van Golf-
Racht (1982), Allan and Sun (2003), Bourbiaux (2010), 
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models recognized in the literature was presented by 
Horner (1951), which produced graphs of wellbore flow-
ing pressures and logarithmic time called Horner time 
(

tp + dt
)/

dt . However, this plot does not apply to forma-
tions with fractures. Based on the type of fissures found in 
the Middle East limestone reservoirs, Baker (1955) pro-
posed a method of determining the sizes of the fissures and 
volume of fluid in a reservoir. The concept of fluid flow 
between two parallel plates was utilized as given by Lamb 
(1945) and Huitt (1956). The flow through such setup is 
given as

where q is the flow rate per unit length, ωf is the fracture 
width, b is the fracture depth, μ is the fluid viscosity and 
dp∕dL is the pressure gradient across the flow interval of 
length L.

3.1 � Pressure transient analysis for fractured 
mediums

In describing the pressure transient analysis in a fractured 
medium, various modeling approaches have been applied. 
In the models, attempts have been made to account for the 
distinct porosity types within the formation by dividing the 
formation into two regions: that containing only formation 
matrix and the other containing only fractures. In this sec-
tion, we present the various attempts at modeling the fluid 
flow through a naturally fractured reservoir.

Naturally fractured reservoirs have been characterized 
to exhibit two distinct forms of reservoir porosity types: 
matrix porosity and fracture porosity (Kazemi 1969; de 
Swaan 1976; Warren and Root 1963). The matrix region is 
a region having a high percentage of fine pores with charac-
teristically high storage but low flow capability. The fracture 
region has a higher flow capacity but lower storage capacity 
as compared to the matrix region. Most studies aimed at 
characterizing flow in a naturally fractured reservoir typi-
cally consider the formation as having two distinct regions. 
One early work on flows in fractured formations was that 
carried out by Pollard (1959), in which the author evaluated 
the flow behavior of acid treatment operation using pres-
sure transient analysis. Pollard proposed a method based on 
classifying naturally fractured reservoirs as being delineated 
into three regions, namely rock matrix, fracture and the dam-
aged/improved region close to the wellbore. Further, Pollard 
posited that fluid flows typically from a high porosity region 
to the highly permeable fractures (Fig. 3), eventually reach-
ing the wellbore through the damaged/improved region and 
that there exists no contact between the high porous region 
and the wellbore.

(1)q = −
b�2

f

12�

dp

dL

Also, the author observed that for all described regions, the 
average buildup pressure is approximately defined in the form 
of exponential time decay with different decay coefficients 
with each region occurring successively during the pressure 
buildup test. Pollard (1959) proposed an equation with three 
distinct terms each representing the pressure transient due to 
flow as shown in their earlier observed three distinct regions:

where CD and DD are the decay coefficients. This equation 
is applicable to estimate properties such as wellbore damage 
and fracture volume. A pseudo-steady-state assumption was 
made as well as two types of the void (fine voids and coarse 
void) during the mathematical development, which accord-
ing to Dikkers (1964) found application in the La Paz field at 
that time. Barenblatt et al. (1960) laid the foundation of the 
physical principles of the mathematical modeling of frac-
tured mediums based on the interaction between the matrix 
region and the fracture region. This interaction is expressed 
as Barenblatt et al. (1960)

where qmf is the flow rate from the matrix to fracture, α is the 
fissured medium characteristic parameter, pm is the pressure 
in the matrix and pf is the pressure in the fracture.

Applying the continuity equation and Darcy’s law and 
assuming a slightly compressible liquid of compressibility 
cl and matrix compressibility coefficient cm, Barenblatt et al. 
(1960) came up with a pressure diffusivity equation relating 
the matrix and fracture as

Pirson and Pirson (1961) extended Pollard’s approach to 
estimating the volume of the matrix porosity and radius 
of well influence. In a further study developed for an infi-
nite reservoir system, Warren and Root (1963) applied an 
approach different from earlier works by Pollard (1959) and 
Pirson and Pirson (1961). Here, the authors assumed that 
the reservoir pore system is having primary and second-
ary porosities. The primary porosity is composed of a set 
of rectangular building blocks called parallelepipeds which 

(2)

(

p − pw
(

ΔtAD
))

= CD exp
[

−�1D�r
2
eD
ΔtAD

]

+ DD exp
[

−�2D�r
2
eD
ΔtAD

]

+
(

p − pw − C − D
)

D
exp

[

−�3D�r
2
eD
ΔtAD

]

(3)qmf = ��
(

pm − pf
)

(4)
�pf
�t

−
kf

�

�Δpf
�t

=
kf

�(cm + �mcl)
Δpf

Matrix Fracture Wellbore

Fig. 3   Flow pattern in fractured reservoir
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are homogeneous, isotropic and identical. The secondary 
porosity included in the coarse features with a uniform set of 
continuous fractures, each fraction having a property parallel 
to a principal axis of permeability. Warren and Root (1963)’s 
model depicts an overlapping arrangement of matrix and 
fractures (Fig. 4) with a quasi-steady-state flow assumed 
within the matrix at small times and unsteady-state flow 
within the fractures. The authors assumed a quasi-steady-
state flow within the matrix at small times and unsteady-
state flow within the fractures. The authors concluded that 
the behavior of this reservoir type will produce two paral-
lel straight lines (Fig. 5) representing early and late times 
connected by a transition curve. These pressure signatures 
are controlled by two properties, ω, a measure of fluid flow 
capacity of the fracture porosity and λ, a measure of the level 
of reservoir heterogeneity.

Furthermore, Warren and Root (1963) presented a model 
utilizing the concept of mathematical superposition of two 
mediums as introduced by Barenblatt et al. (1960). The authors 
discussed the fluid flow equation by Barenblatt et al. (1960) 
that represents the flow in the matrix and fractures as repre-
sented in Eqs. (5)–(7).

and

where qmf is the pseudo-steady-state flow rate between the 
matrix and the fracture. qmf is given by

The authors obtained the diffusivity equations in one dimen-
sion in both dimensional form:

(5)−∇ ⋅

(

𝜌u⃗f
)

+ qmf =
𝜕
(

𝜙f𝜌
)

𝜕t
,

(6)−∇ ⋅

(

𝜌u⃗m
)

− qmf =
𝜕
(

𝜙m𝜌
)

𝜕t

(7)qmf = �
�km
�

(

pf − pm
)

and dimensionless form:

The dimensionless variables in Eqs. (10) and (11) are given 
by

(8)
�km
�

(

pf − pm
)

+ �mcm
�pm
�t

= 0,

(9)
kf

�

[

1

r

�

�r

(

r
�pf
�r

)]

+ �fcf
�pf
�t

− �mcm
�pm
�t

= 0

(10)(1 − �)
�pDm

�tD
− �

(

pDf
− pDm

)

,

(11)1

rD

�

�rD

(

rD

�pDf

�rD

)

− �
�pDf

�tD
+ (1 − �)

�pDm

�tD
= 0.

rD = r
/

rw,

tD =
kft

(

�mcm + �fcf
)

�r2
w

,

pD =
2�rh

�q

(

p − pi
)

,

� =
�kmr

2
w

kf
,

Fig. 4   Warren and Roots representation of fractured reservoirs (War-
ren and Root 1963)
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The authors provided solutions to both finite-acting and infi-
nite-acting reservoir systems. The dimensionless wellbore 
flow pressure for the infinite-acting reservoir was given as

This solution looks like the conventional solution to the 
single-porosity reservoir system with only a difference of 
Δ given by

The solution to the finite-acting naturally fractured reservoir 
system is given by

The difference between Eq. (14) and the solution to the 
single-porosity medium is given by

Based on these solutions, Warren and Root (1963) obtained 
a plot with a characteristic of three different regions. In the 
plot, the early time is represented by a straight line defin-
ing that stage where fracture depletion dominates. A tran-
sition zone describes the effect of the matrix-dominated 
flow period while the late time depicts the period when 
both porosity types influence production. The significance 
of Warren and Root’s model laid the foundation for future 
work on pressure transient analyses in naturally fractured 
reservoirs.

In another study, Odeh (1965) attempted to account for 
the failure of the Warren and Roots model in some field 
applications. In his research, he applied available field pres-
sure data to mathematically analyze the behavior of res-
ervoirs like that of Warren and Roots model but with an 
additional assumption of uniform flow capacity and degree 
of fracturing within the fractures typical of a reservoir with 
small grid block compared to the reservoir dimension. Odeh 
(1965)’s approach gave a general model expressed as

� =
�fcf

�fcf + �mcm

(12)

pDfw
=

1

2

[

0.80907 + ln tD + Ei

(

−
�tD

�(1 − �)

)

− Ei

(

−
�tD
1 − �

)]

(13)Δ =
1

2

[

Ei

(

−
�tD

�(1 − �)

)

− Ei

(

−
�tD
1 − �

)]

(14)

pDfw
=

(

2

r2
De

)

[

tD +
(1 − w)2

�
exp

(

−
�tD

w(1 − w)

)

+ ln rDe
−

3

4
+ s

]

(15)Δ =
(1 − w)2

�
exp

(

−
�tD

w(1 − w)

)

Equation (16) can be approximated as

Equation (17) has a form similar to Horner’s buildup equa-
tion (Horner 1951) for a homogenous reservoir. His model 
has a characteristic property β that defines the entire fracture 
volume as a function of the studied core volume.

Odeh (1965) observed that both the pressure buildup (p vs. 
ln [(t + Δt)/Δt] and pressure drawdown plots (p vs. ln t) for a 
fractured reservoir give a characteristic straight-line plot similar 
to that of a homogenous reservoir. Thus, the author concluded 
that no specific model could be truly representative of every 
type of fractured reservoirs. In rebuttal within the same publi-
cation, Warren and Root observed that Odeh’s model was mis-
leading and that the new parameters by Odeh can be adjusted to 
that resulting in the same model as Warren and Roots.

Kazemi (1969) observed some limitations in the widely 
used Warren and Roots model. In his study, Kazemi consid-
ered a radial flow in a well located at the center of a finite cir-
cular reservoir with horizontal fracture orientation as shown 
in Fig. 6. The author replaced Warren and Root’s assump-
tion of quasi-steady-state flow with the unsteady-state flow 
and observed that there exists a considerable time difference 
between the disappearance time of the early-time plot in the 
Warren and Root model and the start of the quasi-steady state. 
This difference may result in a poor estimation of critical 
properties such as relative storage capacity. The author then 
concluded that for larger times, naturally fractured reservoirs 
tend to behave like a homogenous reservoir and that, the War-
ren and Roots model gives a substantially reasonable estimate 
but has limitations in formations with small fracture-matrix 
flow capacity difference. The differential equations of a res-
ervoir undergoing unsteady-state flow with flow potential Φ, 
fracture thickness δ, fracture block thickness h, and compress-
ibility c are

for flow in the matrix, and

(16)

Δp =
−q�

4�kfh�

[

ln

[

4tkfVf

r2�f(cfVf + cmVm)

]

− 0.5772 − Ei
(

−Ct

)

+Ei

(

−Ct

(
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Vmcm
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))]

(17)Δp =
−q�
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)
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(18)
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for flow in the fracture. The flow potential is given by

de Swaan (1976) presented a transient state model for 
slightly compressible flow with a flow from the matrix into 
the fracture using two geometries. The author based his find-
ings on the fact that matrix blocks can be modeled as rectan-
gular solids whose transient pressure models are similar to 
those from heat flow theory. Using convolution theory, the 
flow between the matrix and fractured medium is given as

This term is substituted in the diffusivity equation and 
the pressure equations defining flow within the fractured 
medium was obtained. Here, for a fractured medium having 
a constant wellbore flowing rate and uniform pressure at the 
initial condition, the governing pressure equation is given as:

de Swaan (1976) provided a solution for early and long times 
without the transient period. Based on de Swans’ theory, 
Najurieta (1980) presented all the solutions of the radial dis-
tances with time (Figs. 7, 8).  

In a later attempt at getting a better insight into the flow 
behavior of a naturally fractured reservoir, other techniques 
such as pressure derivative solutions have been proposed 
(Bourdet et al. 1983; Escobar and Tiab 2002; Tiab 1994). 

(20)� = �(0)
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(22)
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The terms in Eq. (23) have the following forms.

Equation (23) as presented by Engler and Tiab (1996) gives 
a characteristic curve for the undamaged and damaged 

(23)p
�

Dw
tDw

=
1

2

[

1 − e
−

�tDw

1−w + e
−

�tDw

w(1−w)

]

(24)pD =
kfhΔp

141.2q��o

(25)tDw
=

0.0002637kft
(

�mcm + �fcf
)

�r2
w

(26)� =
�fcf

�mcm + �fcf

(27)� = �r2
w

km

kf

reservoir as shown in Fig. 10. With this curve, various 
parameters representative of the reservoir formation can be 
estimated.

The infinite-acting flow period is represented by a hori-
zontal straight line on the pressure derivative-type curve. 
This region defines the period where only the fracture con-
tributes to production. The pressure derivative (pDw′ · tDw) 
and fracture permeability (k2) during this period for a well 
experiencing no wellbore effect is given as

(28)p
′

Dw
tDw =

1

2

(29)Sm =
1

2

[

(

Δp

Δp�t

)

r1

− ln

(

kftr1

sT�r
2
w

1

w

)

+ 7.43

]

(30)kf =
70.6q��o

h(Δp�t)

Fig. 8   The actual and idealized representation of the reservoir model 
by Engler and Tiab (1996)
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In a reservoir with a wellbore storage effect, the effect of 
early time represented by the straight line is nonexistent. 
After the early time, the transition period connects the early 
and late times. Here, the depth of the trough is dependent on 
the value of the Warren and Root storage coefficient (w) but 
not on the interporosity parameter ( � ). The dimensionless 
terms depicting this timeline are defined as

The late time of the Engler and Tiab (1996) pressure deriva-
tive plot exists in both the damaged and undamaged sce-
narios. Moreover, this period gives the idealistic represen-
tation of the mechanical skin (Sm) and the wellbore storage 
coefficient (C).

Rezk (2016) studied different pressure transient analysis 
techniques applicable in naturally fractured reservoirs. He 
considered PTA by Warren and Root (1963) model, Engler 
and Tiab (1996) and other types of type-curve matching. 
He concluded that the model proposed by Engler and Tiab 
offered various advantages compared to the conventional 
semi-log analysis by Warren and Root (1963). Most of the 
previous approaches at studying the behavior of fluid flow 
in naturally fractured reservoirs have strictly assumed no 
significant changes in the rock properties with pore pressure, 
effective stress and temperature (Berumen and Tiab 1997; 
Pedrosa 1986). As such these models are expected to fail 
when applied to a reservoir with stress-sensitive rock prop-
erties. Stress-dependent properties are typically associated 
with low-permeability formations, geopressured formations 
and fractured formations (Pedrosa 1986). Early works by 
various authors such as Cinco-Ley et al. (1985), Ostensen 
(1986), Pedrosa (1986), Raghavan et al. (1972), Samaniego 
et al. (1985) and Yilmaz et al. (1994) considered pressure-
dependent rock properties in pressure transient analysis for 
both conventional rocks and naturally fractured rocks. In 
most modeling approaches, these authors applied numeri-
cal techniques in obtaining solutions to both the linear and 
radial flow diffusivity equations under the assumption of 
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either constant flowing wellbore pressure or constant well 
flow rate.

Pedrosa (1986) applied a form of the Cole–Hopf trans-
formation to convert the nonlinear diffusivity equation into 
a linear diffusivity equation that can be solved using an 
analytical technique. The nonlinear diffusivity equation is 
expressed in a dimensional form in Eq. (35) and in a dimen-
sionless form in (36), for a well producing at a constant well 
rate in an infinite-acting radial system. These equations are

and

In the final model, the author proposed a key parameter 
known as γD to study the effect of pressure on the forma-
tion permeability. The reservoir model as described has an 
initial condition and inner and outer boundary conditions as 
expressed by Eqs. (37)–(39), respectively:

In Eqs. (37)–(39), the dimensionless terms are defined as

A limitation of the model as described by Pedrosa (1986) 
for flow in a stress-sensitive formation is the non-inclusion 
of properties representative of a naturally fractured forma-
tion. Berumen and Tiab (1997) studied the flow of a slightly 
compressible fluid of constant viscosity through a fracture 
located along the focal point/center of the reservoir. In the 
work, the authors assumed a high-velocity flow in both the 
fracture and formation. Such high-velocity flow could be 
represented by combining a Forchheimer transport equation

with the continuity equation
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All the models presented so far have been for vertical well-
types. However, fields with naturally fractured reservoirs 
have since witnessed the use of horizontal wells. Horizontal 
wells have gained wide acceptance in the industry, especially 
in the development of unconventional reservoirs because it 
accelerates production, increases recovery and minimizes 
pressure drop along the wellbore. Chen et al. (2019) devel-
oped a semi-analytical model for the pressure transient 
analysis of fractured horizontal well with natural fracture 
networks. This work highlights the behavior of the pres-
sure derivative in formations with both natural and hydrau-
lic fractures and networks. The authors identified six flow 
regimes and provided a guide to analyzing fracture networks.

3.2 � Pressure transient analysis of vuggy reservoirs

Vuggy reservoirs are composed of many reservoir bod-
ies each of which may exhibit distinct fluid and pressure 
systems (Chen et al. 2017). These are features created as a 
result of dissolution processes that result in discontinuities 
within the reservoir (Barros-Galvis et al. 2015). Reservoir 
engineers have referred to these discontinuities as a type of 
pore system regardless of its origin. Vugs are a type of pore 
system and can be classified differently based on pore space 
genesis (Choquette and Pray 1970). Petrophysical proper-
ties as well as pore size distribution are also used to classify 
vugs within a rock. Vuggy pore space is classified into two: 
touching and separate vuggy pores. Touching vugs form an 
interconnected pore system while separate vugs have larger 
pore space than the particle size and are interconnected only 
through the interparticle pore network. The permeability of 
vuggy porous media depends on its interconnection of the 
pore space.

Literature has shown that the development of vuggy car-
bonate reservoirs has received attention for over 25 years, 
with most activities in China (Yao 2010). Shengeli and 
Tahe oil fields have been developed for over 15 years. There 
are significant fracture networks in these fields and water 
injections have been implemented in both fields to increase 
production. It is reported that the field recovery factor of 
these vuggy reservoirs is between 13% and 15% and has 
thus received less attention compared with the conventional 
oil reservoirs. Also, a rapid annual decline rate of 25% is 
experienced due to a lack of adequate understanding of 
the flow mechanics in such reservoirs. Xiong et al. (2016) 
provided an explanation of observations on the pressure 
derivative curves for the vuggy-fractured reservoirs via an 
experimental technique. This was to highlight the govern-
ing characteristics of fluid exchange in vuggy reservoirs and 
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to highlight some theoretical claims in the literature. The 
model developed was tested and had a reasonable accuracy 
level. However, comparison with other existing techniques 
was not made. Moreover, the fluid-rock material exchange 
had been observed to affect flow characteristics. This phe-
nomenon was however not captured by the authors.

Vuggy reservoirs from a geological viewpoint have expe-
rienced multiple processes including hydrocarbon accumula-
tion, karst superposition and tectonic movements, etc. and 
are characterized by permeability anisotropy and heteroge-
neity. Additionally, this type of reservoir exhibits different 
porosity types and fluid flow mechanisms (cavity-free fluid 
flow and flow within the matrix), with a laminar flow regime 
in low-permeability matrices and turbulent flow in cavities 
(Li et al. 2019). The complicated fluid flow patterns within 
the matrix and cavity make the understanding of the flow 
mechanism difficult.

Vuggy reservoirs are identified to have the following 
characteristics.

1.	 Vuggy reservoirs exhibit multiple storage categories 
including fractures, vugs, cavities and matrix.

2.	 The scale of variation (anisotropy) is wide.
3.	 High heterogeneity as a result of post-diagenesis activi-

ties.

The above characteristics of the vuggy reservoir are 
responsible for the complexity of the flow mechanism 
resulting in difficulty in modeling such reservoirs. Due 
to multiple storage mediums, there exist dual and triple-
porosity models for the vuggy reservoir system. Vuggy 
reservoirs are known to consist of both vugs and matrix 
systems. The physical properties of the formation matrix 
are considerably different from those of vugs. Also, the 
vugs are dispersed within the matrix system. Several 
models have been proposed for vuggy reservoirs con-
sidering vug geometries, pressure distributions and fluid 
flow mechanisms. One of the early works on naturally 
fractured reservoirs was presented by Warren and Root 
in 1963. However, an abnormal change in well pressure 
test slope over the transient period was observed in some 
reservoir transient pressure data. This slope change is due 
to the flow assumption of the homogenous matrix system. 
Because some naturally fractured reservoirs matrices can 
also be vuggy, a pseudo-steady-state triple-porosity model 
was proposed to describe the fluid flow in such reservoirs.

Traditional pressure transient analysis has been used as 
a method in the identification of different flow regimes and 
the determination of appropriate reservoir and fractures 
parameters. The presence of a complex geometric pore sys-
tem poses challenges when applying conventional PTA in 
naturally fractured and vuggy reservoirs. In recent times, 
several authors have proposed modifications to existing PTA 
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models to better characterize this complex pore system. 
Researchers such as Fuentes-Cruz et al. (2004) applied PTA 
to partially penetrating wells in a naturally fractured vuggy 
system. The authors observed that the presence of vugs and/
or caves may have a significant effect on the transient pres-

sure and production curve behaviors. Fuentes-Cruz et al. 
(2004) studied the pressure behavior of naturally fractured 
vuggy reservoirs and the influence of secondary pore type 
on the shape of the production decline curve. The authors 
concluded that it is important to introduce the effect of the 
secondary porosity during type-curve matching. Guo et al. 
(2012) proposed a dual-permeability model to analyze the 
production behavior of a horizontal well in naturally frac-
tured vuggy carbonate rocks. The authors assumed that the 
vugs are dispersed within the reservoir pore system implying 
the existence of only a two-pore system (matrix and frac-
tures). They concluded that the type curve is strongly con-
trolled by the interporosity flow characteristics, the existence 
of seven flow regimes for a constant-rate production and five 
flow regimes for a constant wellbore-pressure system. Nie 
et al. (2012) proposed a dual-porosity and dual-permeability 
approach to study flow behavior of a producing horizontal 
well in a naturally fractured reservoir formation. In contrast 
to the single-permeability modeling approach, the authors 
observed a significant difference in the type curve due to the 
addition of a direct flow link between the matrix and well-
bore. Chen et al. (2016a, b) applied a numerical approach 
to study the flow behavior in a naturally fractured vuggy 
carbonate reservoir with large caves. The authors obtained 
pressure behavior using the Stehfest numerical inversion 
method. They observed that well radius affects the nature of 
the concavity and convexity of the curve.

Velazquez et  al. (2005) proposed two models that 
describe the flow in naturally fractured vuggy carbonate 
reservoirs during transient and pseudo-steady-state interpo-
rosity flow. The first model considers flow from matrix and 
vugs to the fracture (triple-porosity/single-permeability), 
while the second model considers flow between intercon-
nected vugs, in addition, to flow from matrix and vugs to 
fractures (triple-porosity/dual-permeability). The derivation 
of PDE for the triple-porosity/dual-permeability model pre-
sented by Velazquez et al. (2005) is shown hereunder.

The equation describing flow in the fracture system is 
given by

while that describing flow in the matrix blocks is
(42)
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Furthermore, flow in the vugs is described by

where

In the case of the triple-porosity/single-permeability 
model, kf and kv are set to zero (i.e., κ = 1) except in λvf. 
The Laplace-space solutions to the triple-porosity/single-
permeability model are

and

Applying boundary conditions, the solution at the wellbore 
is given by

For the no-flow boundary condition,

and

The Laplace-space solutions to the triple-porosity/dual-
permeability model are
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The pressure response for the triple-porosity/single-permea-
bility (unconnected vugs) model is shown in Fig. 10 for dif-
ferent values of λmf, �vf , λmv, ωf and ωv. A semi-log straight 
line appears at the early-time period which points to a frac-
ture-controlled flow. Also, a similar semi-log straight line 
appears at the late time indicating a homogenous flow in the 
system components (fractures, vugs and matrix) where pres-
sure is the same. The figure also shows anomalous slopes in 
the transient period with a slope ratio of around 2:1 of the 
early and late time. These slopes appear in this segment due 
to the presence of vugs. Also, these slopes are functions of 
λvf/λmf and λmv/λmf.

Velazquez et al. (2005) also examined the analytical 
decline curves of unconnected vugs at different values of 
λmf, �vf , λmv, ωf and ωv in comparison with the double-
porosity model proposed by Da Prat et al. (1981). The 
authors found significant differences between unconnected 
vugs and double-porosity behavior especially in the tran-
sient period as shown in Fig. 11. In some cases, the dif-
ferences can also be observed in the boundary dominated 
periods.

Unlike the case of unconnected vugs, the authors did not 
observe a straight line in the semi-log plot during the early 
transient period. The difference in pressure responses dur-
ing the transient period becomes larger at bigger ωf values. 
However, the straight line is observed in the late time once 
the homogenous flow is attained. The authors also compared 
the rate responses of triple-porosity/single-permeability, tri-
ple-porosity/dual-permeability and double-porosity/double-
permeability model of Da Prat et al. (1981). It was observed 
that differences in the rate occurred between the triple and 
double-porosity models during the boundary-dominated 
period, while differences in rate between the single and 
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period (Fig. 12).
Although Velazquez et al. (2005) included the skin factor 

of a system in the transient flow solution of connected vugs, 
they did not discuss it in detail. The analysis of skin effect is 
important to realistically model production decline.

Nie et al. (2012) studied the pressure transient analysis 
of a naturally fractured vuggy reservoir with triple-poros-
ity using a quadratic pressure gradient term. For an iso-
tropic system, the diffusivity equation with the quadratic 
pressure gradient term included is

The authors utilized a model that idealizes the naturally 
fractured reservoir matrix block and vugs as spherical and 
unsteady interporosity flow from the matrix to fracture as 
well as from vugs to fracture, with no discharge from the 
matrix to vugs (Fig. 13). The assumptions made include a 
slightly compressible single-phase fluid, isotropic reservoir, 
no fluid storage in fractures.

The partial differential equation of the vug system was 
given by the authors as

Their findings showed that the shapes of the pressure deriva-
tive curves are affected by the interporosity flow factor from 
vugs to fracture (λv) and interporosity flow factor from the 
matrix to fracture (λm). Similarly, the value of λ controls the 
concave-shape observed in the later period of interporosity 
flow.

Jia et al. (2013) studied a vuggy-matrix double-porosity 
carbonate reservoir system in the Tahe oilfield of China. 
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Fig. 11   Vuggy reservoir plot for dual-porosity (Velazquez et al. 2005)
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Unlike other double-porosity models where a matrix-frac-
ture continuum is considered, the model proposed by Jia 
et al. (2013) was developed with the assumption that the 
vugs are uniformly dispersed (not connect) and that vugs-
matrix interporosity flow occurs under an unsteady state in 
non-fractured carbonate reservoirs. Thus, in such a model, 
fluid flow occurs from the vugs to the matrix and from the 
matrix to the wellbore as depicted in Fig. 14.

Several assumptions were made to formulate the model 
describing the flow such as single-phase flow behavior, 
homogenous and isotropic system, slightly compressible 
system. The equation governing flow in the matrix system 
(in a cylindrical coordinate system) is

while that governing flow in the vug system (in a spherical 
coordinate system) is

(54)
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The authors solved the dimensionless differential equa-
tions using Laplace transforms and inverted to real-space 
via Stephfest numerical inversion. This model was tested 
by matching real data to the log–log type-curves from the 
model.

3.3 � Pressure transient analysis for caves

Although many well testing models have been developed 
for triple-porosity systems, such models lack a reasonable 
approximation of volumes and connectivity of large caves 
with the radius as big as tens of meters (Pang et al. 2019). 
Thus, Pang et al. (2019) developed a pressure transient 
model for a well that penetrates through a cave. The model 
introduces fluid flow and pressure wave propagation con-
cept and diagnoses the cave’s volume. Moreover, the model 
defines three parameters that affect the pressure response 
in the log–log plot. These parameters are wave coefficient, 
damping coefficient and cave shape factor. The model is 
given as follows.

Darcy flow in matrix outside wellbore:

Darcy flow in the matrix outside the cave:

The wellbore flow is modeled by

while the flow in the cave is modeled by

The inner boundary condition is given by

Outer boundary:
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Also, the relation between dimensionless bottomhole pres-
sure and dimensionless cave pressure is

where CaD is the dimensionless wave coefficient that 
describes the wave flow in caves while CpD is the dimen-
sionless damping coefficient which describes pressure drop 
in caves. Also, α is the cave shape factor that accounts for 
the difference in shape between the actual cave and an ideal 
cylindrical cave. The authors obtained the solution to the set 
of equations in (56)–(61) in the Laplace domain. Using this 
solution, the authors studied the effect of key parameters on 
the log–log pressure and pressure derivative-type curves. 
The plot was divided into four regions starting with wellbore 
storage followed by a transition period from wellbore stor-
age to cave storage, full cave storage stage and finally, the 
formation-dominated transient flow. Figure 15 shows that the 
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wave coefficient affects the pressure response. The higher 
the CaD the longer wellbore storage effect and subsequently 
the later wellbore/cave storage transition. Also, the bigger 
the CaD the less pressure drop is observed in the full cave 
storage period. The matrix-dominated transient flow is the 
only segment that is not affected.

The effect of CpD on the wellbore storage period is lesser 
than that of CaD (Fig. 16). CpD
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5 � Comparison of different pressure 
transient analysis models

5.1 � Naturally fractured reservoirs

In this section, analysis is made of the differences and simi-
larities between the models developed for naturally fractured 
reservoirs, with emphasis laid on the applications of the 
models. It appears that in the early days of well test analysis, 
the geological model of a reservoir received much attention. 
For instance, Baker (1955) presented a method based on a 
geological model in which natural fissures of great extent 
characterized the formation. Pollard (1959) method was as 
a result of the fact that, from a geological point of view, the 
reservoir void space consisted of two types of voids. In a 
way, it was a pragmatic approach to solving the problem. 
However, the drawback of this approach was that it seems to 
apply only to that geological model. On the other hand, from 
a production viewpoint, Barenblatt et al. (1960) are the first 
to present a mathematical fluid flow model to describe flow 
dynamics in fissured formations based on fundamental laws 
of fluid mechanics. In his model, a homogeneous parallel 
system was set up to mimic primary porosity and fissures. 
This captured adequately the concept of property averaging 
as Darcy law is said to be valid for both the matrix and fis-
sures in this setup. The Barenblatt et al. (1960) theory served 
as the fundamental basis upon which the Warren and Root 
(1963) model were developed, and their model accounting 
for different fractured reservoir types, with fluids either in 
the matrix or fissures.

The nature of the interaction between the matrix and the 
fissures is reflected by ω and A. However, the introduction 
of w and X to describe the fracture types has been a subject 
open to so many criticisms for years. Also, the presence of 
two parallel lines on the buildup test has received criticism 
as well for the wellbore storage that could have obscured 
the semi-log straight line. However, with the development 
of type curves, this concern was overcome.

Bourdet and Gringarten (1980) presented a method in 
which w and X can be determined by type-curve matching 
techniques, showing a practical and applicable method that 
can be used to analyze fractured reservoir’s pressure buildup 
test. Warren and Root’s model has been studied by several 
authors (Mavor and Ley 1979; Kazemi 1969; Bourdet and 
Gringarten 1980). The model has been extended to include 
transient interporosity flow and wellbore storage effects. 
According to the literature, it can be said that Warren and 
Root’s model laid the foundation for many practical applica-
tions. The development of models by Barenblatt et al. (1960) 
and Warren and Root (1963) was based on the internal 
source concept. Kazemi (1969) and Streltsova (1984) mod-
els are conceptually different models. These authors utilized 

a multilayered system for fracture modeling and solved the 
system of equations, with the source as a boundary condition 
which shows that there is no basis for comparison between 
Kazemi (1969), Streltsova’s model and Warren and Root 
(1963). Speaking from a geological viewpoint, a multilayer 
system is quite different from a vuggy, fissured/fractured 
one-layer reservoir, due to high permeability contrast.

From the practical viewpoint, the answer to the question 
of which model to use lies in the integration of pressure with 
geological models. An approach suggested by Ramey and 
Agarwal (1972) was to start with a simple homogenous sys-
tem with conventional analysis and then build up from there 
as a basis to enable the achievement of pragmatic analysis.

5.2 � Vuggy reservoirs

5.2.1 � Triple‑porosity model

To model fluid dynamics in vuggy reservoirs, reference 
is often made to models for naturally fractured reservoirs, 
such as dual-porosity and triple-porosity models and their 
extensions. The dual-porosity model was first developed by 
Barenblatt et al. (1960). Subsequently, Warren and Root 
proposed a complete dual-porosity model that has gained 
acceptance in naturally fractured reservoir modeling (War-
ren and Root 1963). Additionally, these models focused 
on the fluid flow between formation matrix and fractures 
(Kazemi et al. 1976; Coats 1989; Ueda et al. 1989; Saidi 
1987; Thomas et al. 1983). Based on the classical dual-
porosity model, a model which subdivided the fracture grids 
into sections and accounting for the multiple interactions 
was proposed (Wu and Pruess 1988; Wu et al. 2011).

In the development of models for vuggy reservoirs, flow 
behavior was encountered which could not be explained by 
the dual-porosity model. Thus, the triple-porosity model 
was proposed, and this has found application in several 
fields. The triple-porosity effect has been shown by several 
authors (Yao et al. 2010) to be distinguishable in well test 
and has recently been extended by Kang et al. (2006) and 
Wu et al. (2011). The triple-porosity model can account for 
mass exchange between matrix, fracture and vug systems 
as well as the preferential flow phenomena. However, the 
triple-porosity model does not account for full-physics and 
thus is still an approximation to the actual flow behavior of 
naturally fractured vuggy systems.

5.2.2 � Equivalent‑medium model

This concept is different from the dual and triple-porosity 
models in that it assumes a fracture-vuggy reservoir as a 
continuous porous media with its heterogeneity represented 
by equivalent parameters. This model is simple and has a 
far-reaching application in rock hydraulics (Yao et al. 2010), 
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with high calculation efficiency. Single-phase flow has its 
theoretical basis established over the decades with limited 
theories that account for multiphase flow and calculated the 
equivalent properties such as permeability and capillary 
curves (Yao et al. 2010; Kang et al. 2006). The theoreti-
cal basis for the equivalent flow model is aimed at reduc-
ing the order of the flow governing equation on a fine scale 
which is pivoted on scale theory. Thus, this is a macroscopic 
approach that reduces the heterogeneity effect and may lead 
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